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Abstract

Within statistical energy analysis (SEA), the coupling loss factor (CLF) is a statistical quantity defined in
terms of the average behaviour of an ensemble of similar systems. Thus, the ‘effective’ CLF for a given
realization may differ from the ensemble average. The effective CLF of two coupled plates with low modal
density and low modal overlap fluctuates significantly compared with the ensemble average CLF.
Accordingly, the CLF is the main parameter expected to determine the confidence intervals in the SEA
prediction. The aim of the present paper is to quantify the variability of the effective CLF for the case of
two finite rectangular plates. Extensive parameter investigations have been performed by using the dynamic
stiffness method (DSM) and a ‘numerical’ power injection method (PIM) using the SEA power balance
equations. The effects of frequency bandwidth and the number of modes in a band were separated by using
frequency averages at a series of constant bandwidths rather than one-third octave averages, while the
modal overlap is made independent of frequency by setting the damping loss factor to be inversely
proportional to frequency. Finally, an improved empirical model for the variability of the CLF is
derived, from these numerical results, in terms of the modal overlap factor and the number of modes in a
frequency band. This model can subsequently be used to evaluate the uncertainty of the CLF of such a
system.
r 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Statistical energy analysis (SEA) has become quite widely used for studying the vibro-acoustic
behaviour of structures, vehicles, ships and buildings at high frequencies [1–4]. Whereas
traditional deterministic methods such as the finite element method (FEM) give a detailed analysis
of the behaviour of one typical structure, SEA gives a broad estimate of the average response of a
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notional ensemble of similar structures [5]. However, despite its name, SEA does not normally
provide any statistical information on the likely distribution of the behaviour of a given
realization within this ensemble. Particularly at the lower end of its frequency range of
application, where both the modal overlap and the number of modes in a frequency band tend to
reduce, the behaviour of a given member of the ensemble may differ considerably from the
average behaviour predicted by SEA. If this inherent uncertainty can be quantified, SEA
predictions can be used meaningfully at these lower frequencies, albeit with a wide confidence
interval.

Lyon and DeJong [5] gave estimates of the variance of coupling loss factors (CLFs) and of the
response of a subsystem, based on mode shape functions. However, these formulae are rather
difficult to use and have not found wide application. Moreover, it was shown by Craik et al. [6]
that they tend to over-estimate the variation found in typical building structures. An alternative
approach was developed by Craik et al. [6] from observing that the distribution of the effective
CLFs for individual realizations relative to the ensemble average was similar to the distribution of
the point mobility of the receiver subsystem relative to its characteristic mobility. The variation in
mobility is derived from expressions given by Skudrzyk [7]; see also Moorhouse and Gibbs [8].
Whilst this approach to CLF variability is not rigorous, it provides a practical approach.
However, it has the limitation that no estimates of variability are given when the modal overlap
exceeds unity.

Fahy and Mohammed [9] studied the effects of random geometric perturbation on power
transmission in coupled beams and plates using analytical models. Their results showed that the
modal overlap factors of the uncoupled subsystems and the number of coupled modes of the total
system are the two main parameters that control the variability in the power flow and the
associated CLF. An empirical formula for the normalized variance of the CLF between two
coupled plates was given by Mohammed [10], obtained by fitting a curve to analytical results
obtained for plates of different lengths.

Confidence intervals for the SEA response estimate were examined by Manning [11]. A couple
of sources for the randomness and the variance in SEA predictions were discussed. Hopkins [12]
also investigated the confidence limits for the CLF using a perturbation method. The approach
was used to calculate the expected range of the response for plate systems with low modal density
and low modal overlap. The results in terms of the 95% confidence intervals were seen to provide
a satisfactory estimate of the expected range, while the results gave significant underestimates for
the minimum values when the receiver subsystem was not directly coupled to the source
subsystem.

In this paper, a more extensive parametric study has been performed for two rectangular plates
coupled along a common edge. These are represented analytically using the dynamic stiffness
method (DSM) [13]. Results are obtained in the form of the effective CLF. The term effective
CLF is used here to distinguish the result for a single realization from the true CLF which applies
to the ensemble average. CLF estimates are obtained from the dynamic stiffness calculation
results by applying the power injection method (PIM) [14] to the numerical response predictions.
From the results of these calculations, an ‘empirical’ model is proposed herein to describe
the variance of the effective CLF over a wide range of parameter values. It is shown that the
parameters of most importance are the modal overlap factor and the number of modes in
the frequency band of the two subsystems. The cases considered have been selected in order to be
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able to specify these two parameters independently, as well as varying other parameters over a
wide range.

In order to provide an unbiased estimate of the mean CLF for comparison, the ensemble
average result of Wester and Mace [15] has been adopted, as it allows for the dependence of the
CLF on the damping loss factor (DLF) when the two plates are strongly coupled.

2. Parameter investigation using DSM model

In this study, a number of parameters of the two-plate system are varied, including plate
dimensions and damping to investigate the effects on the CLF. It will be shown that two
parameters, in particular, affect the variability of the CLF: the average number of modes in a
frequency band N and the modal overlap factor M. Usually SEA is considered to be applicable to
a frequency band-average analysis if there are several modes in each frequency band (for example,
at least 3 [16], 6 [17] or 10 [18] are stated) to ensure that the field is sufficiently diffuse, and the
modal overlap factor is at least unity [16–19]. If these conditions are not met, considerable
deviations may occur in the results.

The approach adopted in this paper is to separate the effects of these two parameters, and make
each of them independent of frequency. The average number of modes in a band will be made
independent of frequency by using frequency averages for overlapping bands at a series of
constant bandwidths. The modal overlap will also be made independent of frequency by setting
the DLF to be inversely proportional to frequency.

However, initially a model with constant DLFs and based on one-third octave frequency bands
is considered for illustration purposes.

2.1. Initial model in one-third octave bands

Two coupled rectangular aluminium plates are considered initially, with thickness h1¼ 3 mm
and h2¼ 2 mm; respectively, lengths L1¼ 0:5 m and L2¼ 1 m; width b¼ 1 m; and equal damping Z1

= Z2, as shown in Fig. 1. To facilitate use of the DSM [13], it is assumed that the two opposite
edges along the longitudinal direction, y ¼ 0 and b, are simply supported; the other edges are free.
To model a harmonic point force applied inside one plate, the source plate is separated into two
parts at the longitudinal position of the applied force. Thus this system may be considered to
consist of three plates, two directly excited plates and one receiver plate. The global dynamic
stiffness matrix of the system is derived by assembling the dynamic stiffness matrix of each plate
and applying the compatibility and equilibrium conditions at the joints. In the present model, the
in-plane motion of plate is included. Assuming a harmonic point force is applied at a transverse
edge, the system may be analyzed by the assembled dynamic stiffness matrix for the system. The
system is analyzed for each half-sine order across the width of the plates and each frequency
separately. This model has a modal density that is approximately constant with frequency. The
modal overlap factor ðM ¼ ZonðoÞÞ depends on frequency as the DLFs were kept constant in this
section. Two values of DLF are used: Z1 ¼ Z2 ¼ 0:1; although rather high for typical structures,
ensures that the modal overlap factor does not become too small in the frequency range
considered, whereas 0.01 gives a more representative value.
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In these calculations the point force is located at a range of different positions to simulate ‘rain-
on-the-roof’ excitation. To simulate this, a total of 400 point forces have been used, applied
individually first on plate 1, then on plate 2. For numerical convenience, these were chosen at 20
random y co-ordinates, the same for each of 20 random x co-ordinate positions. All points are
chosen to exclude an area around the edge of the plate in order to avoid nearfield effects, although
these are inevitable at low frequencies. These forces are all uncorrelated, and are assumed to have
an identical broadband spectrum.

The strain energy response of each plate to these forces is calculated and integrated over the
plates for each frequency. Equating the dissipated power in the receiver plate to the net power
flowing from source to receiver gives
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where the superscript indicates the subsystem that is excited, E1 and E2 are the total time averaged
energies of the two subsystems (approximated by the maximum strain energy in a cycle), Zi is the
DLF and #Zij the effective CLF. The energies are calculated for each forcing point, averaged and
then summed over one-third octave bands. The matrix is then inverted to yield the effective CLFs.

The results are shown in Fig. 2 for two values of damping Z1 ¼ Z2 ¼ 0:1 and 0.01. These
effective CLFs are compared with ZijN; the result derived from the coupling between two infinite
plates [17] and Zij;ens; the ensemble average result from Wester and Mace [15] and given in the
appendix. At low frequencies, the ensemble average CLFs are lower than the semi-infinite results
ZijN since the coupling is strong [20] and there is a significant influence of the finite size of the
plates and the value of damping in them. At these long wavelengths the production of reflections
from the opposite end of the plate from the junction is important and not accounted for in the
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Fig. 1. Two perpendicular plates with a point force F applied inside one plate: width b¼ 1:0 m; length L1¼ 0:5 m;
L2¼ 1:0 m; thickness h1¼ 3:0 mm; h2¼ 2:0 mm; the DLF Z1 ¼ Z2 ¼ 0:1; material: aluminium (Young’s modulus

E¼ 7:24 � 1010 N=m2; Poisson’s ratio m ¼ 0:333; material density r¼ 2794 kg=m3).
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semi-infinite plate model. For more highly damped plates the differences between the CLF for the
ensemble average and semi-infinite plates are smaller. In the limit, at high frequencies or as
damping increases, the effect of reflection from a wave transmitted across the junction into the
finite plate will be negligible.

The effective CLFs for numerical realizations fluctuate considerably relative to the
corresponding ensemble average CLF result Zij;ens: As one would expect, the curves all converge
closely at high enough frequencies, where the modal overlap becomes high. The frequencies at
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Fig. 2. Various estimates of the CLF, (a) Z12 and (b) Z21; for a two-plate system (h1¼ 3 mm; L1¼ 0:5 m; h2¼ 2 mm;
L2¼ 1 m; b¼ 1 m; Z1 ¼ Z2; material: aluminium). - - -, CLF for two semi-infinite plates ZijN; � � �, ensemble average

CLF Zij;ens for Z ¼ 0:1; —, ‘effective’ CLF #Zij for Z ¼ 0:1; � � � �, ensemble average CLF Zij;ens for Z ¼ 0:01; � � �,

‘effective’ CLF #Zij for Z ¼ 0:01: The arrows indicate frequencies at which the modal overlap factors of the two

individual plates equal 1.

W.S. Park et al. / Journal of Sound and Vibration 279 (2005) 557–579 561



which the corresponding modal overlap factors of the individual plate realizations are equal to 1
are indicated in the figure. Below 10 Hz there are no modes at all in the source plate and the use of
SEA would not be expected to yield valid results.

2.2. Model with constant modal overlap and constant bandwidth

The modal density and modal overlap factor are related to the geometric and material
properties. The modal density of the flexural modes of a uniform isotropic plate is approximately
nðoÞ ¼ 0:276 S=hcL where S is the surface area, h is the thickness and cL ¼ ðE=rð1 � n2ÞÞ1=2 is the
longitudinal wavespeed in the plate [5]. (It is convenient to introduce the longitudinal wavespeed
to simplify the relationship, although the waves do not have any longitudinal contribution.) The
modal density is thus proportional to the area/thickness of the plate and it is independent of
frequency. Thus the modal overlap factor M is in general dependent on frequency as well as the
geometric and material properties.

In order to generate a system with a constant modal overlap factor for all frequencies, the DLF
was chosen to be inversely proportional to frequency, Z1 ¼ Z2 ¼ 1=f although with a maximum
value of 0.3. This variation is not typical, since normally the loss factor is found to be
approximately independent of frequency, but as stated, it is introduced here in order to generate a
system with a constant modal overlap factor. The number of modes in a frequency band, N, is also
made independent of frequency by using constant bandwidths. Consequently, the modal overlap
factor and the number of modes in a band are both independent of frequency, so that statistical
analyses can be taken across the frequency range considered. Both M and N can also be varied
independently of each other.

In this study, firstly, narrow-band energies and powers were calculated for the two-plate system
using a DSM model that includes the in-plane motion of the plates. A frequency spacing of 1 Hz
was used up to a maximum of 1 kHz. In this model at least one frequency point lies within the
half-power bandwidth Zf of each mode. The plate energies were then averaged in overlapping
bands with constant frequency bandwidths to provide a continuously varying curve. Bandwidths
of 2, 4, 6, 10, 20, 40, 60, 100, 200 and 400 Hz were considered.

The effective CLFs corresponding to the frequency bands /#ZijS are obtained from these
energies by a numerical PIM experiment as defined in Eq. (1). /S denotes a frequency-averaged
quantity. The frequency-averaged effective CLF results are presented relative to the ensemble
average CLF Zij;ens of Wester and Mace [15] and given in the Appendix. This is used rather than
the CLF derived from semi-infinite plates, ZijN; which is biased for strongly coupled subsystems,
as shown in Fig. 2.

Fig. 3 shows the effective CLFs and the corresponding ensemble average CLF for the initial
model calculated at 1 Hz spacing. This has plate dimensions as in the previous section, but has
frequency-dependent damping and no frequency-band averaging. Also shown, are estimates of
upper and lower bounds, given by 2=pM and pM=2 times the ensemble average result Zij;ens: These
are obtained from the maxima and minima of the mobility given by Skudrzyk [7], as used in
the formulae for CLF bounds given by Craik et al. [6]. The bounds in Fig. 3 were generated using
the modal overlap factor for either the source plate Msource (i.e., M1 for Z12 and M2 for Z21) or the
receiver plate Mreceiver: It can be seen that the variation in the CLF is greater than that estimated
from either of the bounds shown in this case.
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It is clear that the effective CLF varies considerably relative to the ensemble average result.
When plotted on a logarithmic scale, as here, the distribution appears symmetric. In the
remainder of the paper the mean is removed by considering the ratio of the frequency-averaged
effective CLF to the ensemble average CLF, /#ZijS=Zij;ens and expressing this in decibel (dB) form.
(The ensemble average is used here as it is a more accurate estimate of the coupling loss factor
than ZijN). This is shown in Fig. 4 for Z12 for different frequency bandwidths. The results for Z21

were found to be similar. Within a given graph the results at different frequencies correspond to
the same values of modal overlap and number of modes in a band. This set of results is therefore
used as the basis of a statistical analysis. The mean of these results over all frequency bands, along
with a range of 72 standard deviations (s) calculated in terms of the dB values, has been
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Fig. 4. Bandwidth effect on the mean and 72 standard deviations ð2sÞ of the logarithmic ratio of the frequency

averaged effective CLF #Z12h i to the ensemble average CLF Z12;ens (Z¼ minð0:3; 1=f Þ; M1 ¼ 0:053; M2 ¼ 0:16). —,

10 log10ð/#Z12S=Z12;ensÞ; � � �, 10 log10ð/#Z12S=Z12;ensÞmean; - - -, mean 72s of 10 log10ð/#Z12S=Z12;ensÞ: (a) 20 Hz,

(b) 40 Hz, (c) 60 Hz, (d) 100 Hz, (e) 200 Hz and (f) 400 Hz bandwidths.
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determined and is also shown in each case. Clearly, as the bandwidth increases, the range 72s
reduces, whereas the mean is close to 0 dB throughout. As the bandwidth increases, the average
number of modes in a frequency band, N1 or N2 also increases. This can be obtained from the
modal density n(o) multiplied by the bandwidth Do. The upper graph of Fig. 5 shows the values
of 2s for Z12 from Fig. 4, and the equivalent results for Z21, plotted against the average number of
modes per band for the corresponding source plate Nsource: The middle graph shows the equivalent
results when plotted against the number of modes per band for the corresponding receiver plate
Nreceiver: The lower graph is based on N12; which is a combined number of modes used by
Mohammed [10], N12 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p
; i.e., the geometric mean value of N1 and N2: The results of 2s for

Z12 and for Z21 show similar levels for a given frequency bandwidth and are simply shifted
horizontally by plotting against Nsource; Nreceiver or N12: The combined measure N12 therefore
seems more appropriate as it accounts for both plates in a symmetrical way. This is discussed
further in the following section.

In the next section, these numerical results, and others like them, are used to derive an empirical
formula for the confidence interval of the effective CLF in terms of the modal overlap factor and
the number of modes in a frequency band.

3. Variability of the CLF

3.1. Parameter variation

In this section, a large number of idealizations of the two coupled plates are considered. These
are generated by varying several parameters either separately or simultaneously. It is not the
intention here to explore the dependence on every possible parameter of the two-plate system.
The parameters varied are summarized in Table 1 and discussed below. The actual values of
plate thickness, length or width used are also listed below the table.

The main parameters varied are the length of plate 2, its thickness and the width of both plates.
These are each varied in logarithmically spaced steps in a range either side of the initial values.
However, changing each of these parameters in isolation would lead to changes in the modal
overlap factor of plate 2, M2: The first set of conditions involves changing the length of plate 2
which leads to changes in M2. However, when the thickness is varied, the length of plate 2 is also
varied in order to generate a set of cases with a constant modal overlap factor. Similarly when the
width of the plates is varied, both their lengths are adjusted in order to keep the modal overlap
factors unchanged. The corresponding dimensions for plate 1 are not varied (except in the third
case) as the CLF Z21 provides the corresponding result for changes in source plate dimensions. In
each case, the damping values of the two plates are set to be frequency dependent Zp1=o; in
order to keep the modal overlap factors constant with frequency. The other parameters are the
same as the initial model of the previous section.

Three different levels of damping (high damping Z ¼ 10=f ; medium damping Z ¼ 3=f and light
damping Z ¼ 1=f ) are also considered, with Z1 ¼ Z2: This provides another way of altering the
modal overlap factors. In each case Z is limited to a maximum value of 0.3. To investigate the
effect of different damping levels for the two plates, whilst keeping the modal overlap factors
constant with frequency, calculations have also been performed with the two plates chosen to
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have different levels of damping whilst retaining Zp1=o: These were from high to medium
damping (Z2=Z1 ¼ 0:3 corresponding to M1 ¼ 0:53; M2 ¼ 0:48) and from medium to low damping
(Z2=Z1 ¼ 0:33 corresponding to M1 ¼ M2 ¼ 0:16). The CLF Z21 corresponds to the opposite cases,
so these are not considered separately.

3.2. Variability of the CLF for finite plates

All the results covering the extensive parameter variations are considered together to establish
appropriate parameters to describe the variability of the CLF and to quantify its confidence
interval. For example, some results of the logarithmic CLF ratio 10 log10ð#Zij=Zij;ensÞ for two
extreme cases among all parameter variations are shown in Fig. 6. These two cases are (a) the
shortest and widest (h1¼ 3 mm; h2¼ 2 mm; L1¼ 0:32 m; L2¼ 0:63 m; b¼ 1:58 m) and (b) the
longest and narrowest (h1¼ 3 mm; h2¼ 2 mm; L1¼ 2:5 m; L2¼ 5:0 m; b¼ 0:20 m) with no
frequency averaging performed. Most of the CLF ratios fluctuated within 710 dB. Some
systematic variations in the CLF ratio are seen in Fig. 6(b), especially below the second cut-on
frequency of plate 1 (734 Hz). However, such effects are not seen for most of the combinations
indicated in Table 1.

From plots such as Figs. 4 and 6, the variance, s2, of all values is found of the logarithmic ratio
of the frequency-averaged effective CLF to the ensemble average CLF. These variances are
plotted against the average number of modes per band for the source plate Nsource or the receiver
plate Nreceiver; in Fig. 7(a). The results with no frequency averaging are plotted against the modal
overlap factor for the source plate Msource or the receiver plate Mreceiver; in Fig. 7(b). No clear trend
can be seen from these results, although s2 tends to fall with increasing N or M.
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Table 1

Summary of parameter variations for L-shaped coupled plates

Parameter Fixed Varied M1 M2 Z2=Z1

Initial model

(h1¼ 3 mm; h2¼ 2 mm)

L1,L2,h1,h2,b,Z1,Z2, n1(o), n2(o) — — pf pf 1.0

L1/L2
a L1,h1,h2,b L2 Z1 ¼ Z2p1=o 0.53 2.5B0.32 1.0

h1/h2
b L1,h1,b L2,h2 Z1 ¼ Z2p1=o 0.53 1.6 1.0

L1/b
c h1,h2 L1,L2,b Z1 ¼ Z2p1=o 0.53 1.6 1.0

High damping L1,L2,h1,h2,b — Z1 ¼ Z2p1=o 0.53 1.6 1.0

Medium damping L1,L2,h1,h2,b — Z1 ¼ Z2p1=o 0.16 0.48 1.0

Light damping L1,L2,h1,h2,b — Z1 ¼ Z2p1=o 0.053 0.16 1.0

Z1 > Z2 L1,L2,h1,h2,b — Z1aZ2p1=o 0.53 0.48 0.30

Z1 > Z2 L1,L2,h1,h2,b — Z1aZ2p1=o 0.16 0.16 0.33

The variation of Z1 and Z2 subsequently produces constant values of M1 and M2.
a L1/L2: the length of plate 1 (0.5 m) is fixed and the length of plate 2 is varied from 1.58 to 0.20 m (1.58, 1.26, 1.00,

0.79, 0.63, 0.50, 0.40, 0.32, 0.25, 0.20 m).
b h1/h2: the thickness of plate 1 (3 mm) is fixed and the thickness of plate 2 is varied from 9.49 to 0.949 mm (9.49, 5.99,

4.75, 3.78, 3.00, 2.38, 1.89, 1.50, 1.19, 0.949 mm). The length L2 is varied simultaneously to ensure constant N2.
c L1/b: the widths of the two plates are varied from 1.58 to 0.20 m (1.58, 1.26, 1.00, 0.79, 0.63, 0.50, 0.40, 0.32, 0.25,

0.20 m). The lengths of the plates are varied simultaneously to maintain the same areas and hence constant values of N1

and N2.
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Next the results for s2 are plotted against N12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
N1N2

p
(the geometric mean number of modes

per band), as shown in Fig. 8(a). These results are slightly less scattered than in the previous plots,
Fig. 7(a). This result shows that the variance of the CLF has a non-linear relationship with N12 on
log–log axes. The results for low bandwidth tend to a constant, independent of N12. The results
for s2 are shown for the cases with no frequency averaging in Fig. 8(b). These represent the

limiting case for low N12. They are plotted against M12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1M2

p
(the geometric mean modal

overlap factor) as used by Mohammed [10]. These non-frequency averaged results show
approximately a linear relationship with M12 on log–log axes; from the slope of this relationship it
is found that s2 is inversely proportional to M12 for no frequency averaging.

ARTICLE IN PRESS

100 200 300 400 500 600 700 800 900 1000
  −20

  −15

  −10

 −5

0

5

10

15

20

Frequency (Hz)

10
lo

g
10

(η
ij / 

η ij,
 e

ns
) 

(d
B

)

100 200 300 400 500 600 700 800 900 1000
  −20

  −15

  −10

  −5

0

5

10

15

20

Frequency (Hz)

10
lo

g
10

(η
ij / 

η ij,
 e

ns
) 

(d
B

)

(a)

(b) 

Fig. 6. The logarithmic CLF ratio 10 log10ð#Zij=Zij;ensÞ for two extreme cases; (a) the shortest and widest, (b) the longest

and narrowest, when no frequency averaging is performed. —, 10 log10ð#Z12=Z12;ensÞ; - - -, 10 log10ð#Z21=Z21;ensÞ:

W.S. Park et al. / Journal of Sound and Vibration 279 (2005) 557–579568



The values of s2 for low N12 are independent of N12 and are thus similar to those for no
frequency averaging. By multiplying all data points in Fig. 8(a) by M12, the results collapse to a
similar level at low values of N12. However, it is also found necessary to shift the points
horizontally by a factor of 1=

ffiffiffiffiffiffiffiffiffi
M12

p
to collapse them to a single data set.

The result is shown in Fig. 9 in which s2M12 is plotted against N2
12=M12:

3.3. ‘Combined’ modal overlap factor

In order to apply the above concepts to the results for an infinite plate coupled to a finite plate
or a finite plate coupled to an infinite plate, the two parameters, M12 and N12, cannot be used
since the number of modes and modal densities for an infinite plate tend to infinity. Nevertheless it
is found in Ref. [21] that the CLF is still affected by the modal behaviour of the finite plate, so that
s2 does not become zero.
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A new ‘combined’ modal overlap factor is therefore proposed, given by

Mcomb ¼
2M1M2

M1 þ M2
¼ 2

1

M1
þ

1

M2

� ��1

: ð2Þ

It may be noted that this satisfies McombEM12 for M1EM2; Mcomb ¼ 2 M1 for M2-N; and
Mcomb ¼ 2 M2 for M1-N:

Similarly a new ‘combined’ number of modes in a band is proposed, given by

Ncomb ¼
2N1N2

N1 þ N2
¼ 2

1

N1
þ

1

N2

� ��1

ð3Þ
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which satisfies NcombEN12 for N1EN2; Ncomb ¼ 2 N1 for N2-N; and Ncomb ¼ 2 N2 for N1-N:
Eqs. (2) and (3) reflect the fact that the smaller of the two values of N or M dominates the
variability of the CLF.

Fig. 10 shows Ncomb=N1 plotted against N2=N1: This is compared with N12=N1: This plot shows
that the two values Ncomb and N12 are close when N1BN2: The values of N2=N1 and M2=M1

considered in the parameter variations in Section 3.1 are limited to the range 0.6–4.7.
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3.4. Empirical model for the variability of the CLF

The variance results for all parameter variations are plotted in Fig. 11 in a similar form to Fig. 9
but now s2Mcomb is plotted against N2

comb=Mcomb: A formula has been established to fit three
curves to the data in Fig. 11:

s2Mcomb ¼
a

ð1 þ bN2
comb=McombÞ

; ð4Þ

where a and b are constants for the three curves. Dividing through by Mcomb these can also be
expressed in the form

s2 ¼
a

ðMcomb þ bN2
combÞ

: ð5Þ

The dashed and dash-dotted curves have been fitted approximately as the minima and maxima
of the ordinate value s2Mcomb as a function of N2

comb=Mcomb while the solid curve corresponds to a
line roughly through the centre of the data. The values of a and b are listed in Table 2. These
curves are empirical in the sense that they are obtained by fitting simple curves to the numerical
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Table 2

Percentage of points falling within 72s limits defined by Eq. (5) s2 ¼ a=ðMcomb þ bN2
combÞ for all sets of data

a b Confidence interval (%)

3 1
6

73.4

6 1
16

95.7

12 1
36

99.2
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results, not obtained directly by theoretical considerations. The word empirical is often used to
refer to experimental data but this is not the case here.

Using each of these curves rather than the original data points, a predicted confidence interval
ð72sÞ for 10 log10ð/#ZS=ZensÞ has been determined for each pair of plates represented and each
frequency bandwidth. In each case, by comparing the DSM predictions with this predicted
confidence interval, the percentage of frequency points falling inside this interval has been
determined. Taking the average over all plates considered, the confidence level represented by
each of the formulae was determined and is given in Table 2. Of these, the second curve is adopted
as the ‘empirical model’ for the variability of the CLF:

s2 ¼
6

ðMcomb þ N2
comb=16Þ

: ð6Þ

The value of 72s from this formula represents a 95.7% confidence interval for all sets of data
considered. This model can be generally used to evaluate the uncertainty of the CLF of a two-
coupled plate system. It can also be used to cover situations where one plate is effectively infinite.
However it should be noted that the model fails if the plates are very narrow (Fig. 6(b)) or very
wide. In the latter case Ncomb will become large but variability will remain.

3.5. Comparison with previously published models

The current results, displayed in Fig. 11, have been converted into the form used in
Mohammed’s model [10] and are plotted in Fig. 12. A straight line of best fit is also given. It will
be noted that this does not have a slope of �1 as suggested by Mohammed (shown as a dashed
line). This indicates, instead, that the normalized variance is proportional to M12

�0.60N12
�0.58. This
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graph shows that the current results, based on a data set that far exceeds the number of
configurations previously used, cannot be well represented by a simple straight line, as suggested
by Mohammed [10]. The present model seems more appropriate as it depends on the number of
modes in the band where this is large but is more sensitive to the modal overlap where there are
fewer modes.

In order to compare the present model with various previously published models for the
variability in CLF estimates, the predicted standard deviation is plotted against the actual
standard deviation for all cases considered in the parameter study of this section. Fig. 13(a) gives
the results for the present model which can be seen to lie close to the ideal straight line.

The model of Craik et al. [6] has two different estimates for the ‘upper bound’, one based on a
single mode, the other based on multiple modes in a frequency band. These are plotted in
Figs. 13(b) and (c). The first of these is based on the modal overlap factor whereas the second is
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based on the number of modes in a band. Clearly neither parameter is sufficient to determine the
variability. In these figures, especially for the multiple mode case, the upper bound plotted
actually falls below the mean value for high modal overlap or a large number of modes in the
band. The model would effectively predict a variance of zero in these cases, when the actual
standard deviation is non-zero.

Results for the models of Mohammed [10] and Lyon and DeJong [5] are plotted in Fig. 13(d)
and (e). These models are based on the normalized variance of the CLF rather than the standard
deviation of the logarithmic CLF. Thus the region of 71 standard deviation is not symmetric
when plotted on a decibel scale. The values at 71 standard deviation are plotted in the figure
using different symbols to indicate the upper and lower ‘bounds’ from the two models [10,5].
When the standard deviation exceeds the mean, the lower limit becomes infinite. Strictly such a
distribution is not normal so that the 68% confidence interval is not simply 7s: However this has
not been pursued further here.

It can be seen from Fig. 13 that the current model gives much better agreement with the actual
standard deviations calculated using the DSM model than any of the previously published
models. Lyon and DeJong is the closest of the others, although it over-predicts the variance for
small standard deviations, and over-predicts the range 71 standard deviation in all cases.

Applying the model developed in this paper to the cases covered in Section 2.1 leads to the
results shown in Fig. 14. The upper and lower bounds of the logarithmic CLF ratio
10 log10ð/#Z12S=Z12;ensÞ found are rather large at low frequencies, especially for the lower damping
value. Here, however, the combined modal overlap factor Mcomb falls well outside the range 0.1–1
that was used to generate the empirical model (see Fig. 8(b)). For the higher value of damping loss
factor, Mcombo0:1 for frequencies below 12.5 Hz; for the lower damping value this occurs for
frequencies below 125 Hz. In these frequency regions the model over-predicts the bounds. This
suggests that the present empirical model should not be used for modal overlap factors less than
about 0.1. Further calculations would be necessary to extend the range of the model to lower
values of M. In practice, however, the level of variability obtained for such low values of modal
overlap (95% confidence intervals of more than about 710 dB) render an SEA-type calculation
unacceptable in such situations anyway.

3.6. Interdependence of CLFs

In the empirical model above, the variability of Z12 and Z21 has been considered without regard
to their interdependence. In this section, the degree to which the two variables, Z12 and Z21; are
linearly related is investigated. For this purpose, a normalized variance ratio is defined by
s2

d= s12s21ð Þ; where s2
d is the variance of the difference between 10 log10ð/#Z21S=Z21;ensÞ and

10 log10ð/#Z12S=Z12;ensÞ and s12 and s21 are the standard deviations of the two logarithmic CLF
ratios, respectively. The normalized variance ratio for all datasets is shown in Fig. 15(a). When
they are dependent on each other the variance ratios should lie well below 1 but in some cases they
are greater than 1. Another parameter that can be used is the correlation coefficient [22]. The
correlation coefficient is a non-dimensional number that lies between –1 and þ1: Most of the
correlation coefficients in Fig. 15(b) are positive and close to unity indicating that in these
situations Z12 and Z21 are well correlated. In summary, in 89.1% of all cases considered the
absolute value of the correlation coefficient is greater than and equal to 0.5. The cases with poor
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correlation are mostly long narrow plates. This actually indicates a problem with the ensemble
average CLF used Zij;ens rather than the independence of Z12 and Z21 (see Fig. 6(b)). It may be
noted that these plates are very narrow and are effectively one dimensional at low frequencies.
Here the results based on Zij;ens are not appropriate.

4. Concluding remarks

In this paper, the variability of the CLF for a system of two coupled rectangular plates has been
examined and quantified using a systematic parameter variation. The ensemble average CLF
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given by Wester and Mace [15] was used as an unbiased estimate of the average CLF for all cases,
providing a good basis for studying the variability. An empirical model for the variability of the
CLF has been developed using these results.

Firstly, narrow band energies and powers were calculated for a large number of configurations
using the dynamic stiffness method. The modal overlap factor was kept constant versus frequency
by using a loss factor that was inversely proportional to frequency. The effective CLFs /#ZijS were
obtained from these energies averaged over frequency bands. The effects of frequency and modal
overlap were separated by using frequency averages at a series of constant bandwidths rather than
one-third octave averages.

Secondly, the logarithmic ratio of the effective CLF to the ensemble average,
10 log10ð/#ZijS=Zij;ensÞ; was determined and the variance s2 was obtained over the whole frequency
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region for each case to express the variability of the effective CLF compared with the ensemble
average. An empirical model was developed to express the dependence of the variance s2 on the
modal overlap factors and numbers of modes in a frequency band. For small numbers of modes in
a band the modal overlap has the dominant effect, but for large numbers of modes in a band it is
this number that has the dominant effect.

The model should not be used for very narrow plates nor for extremely wide plates. For modal
overlap factors less than 0.1, it is observed that the empirical model gives overestimates of the
variance. However, for such low modal overlap factors, the variance is in any case too large for
practical use of SEA-type models.

This model has been developed for a system of two coupled rectangular plates and can be used
to evaluate the uncertainty of the CLF of that system. However it is not certain whether other
types of system can be represented by the same model. This should be the subject of further
research.
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Appendix

From Ref. [15], the diffuse field coupling loss factor between two edge coupled simply
supported plates is given by

Z
N

¼
2T2

pkili
;

where T is the magnitude of the transmission coefficient for a particular angle of incidence, ki the
free wavenumber in the source plate, and li the length of the source plate. The plates have
common width. The exact ensemble average CLF for the plates is then given by Ref. [15] as

Zij ¼ Z
N
=

1

ki

Z minðki ;kjÞ

0

T2ðkyÞ=T2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ g2ðkyÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ d2ðkyÞ

q dky

0
B@

1
CA

�1

�
T2

pmi0

1 þ
kimi0

kjmj0

 !2
64

3
75;

where the terms are described in detail in Ref. [15]. ky is the trace wavenumber along the
connection and ki and kj the free wavenumbers in the two plates. mi0 ¼ kiliZi=2 and mj0 ¼ kjljZj=2
are the limiting subsystem ‘reflectances’ for small trace wavenumber ky; g; d are strength of
coupling parameters given by

g2 ¼
T2 cosh2ðmdÞ

sinhðmaÞ sinhðmbÞ
and d2 ¼

T2 sinh2ðmd Þ
sinhðmaÞ sinhðmbÞ

;

where miEmi0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðky=kiÞ

2
q

; mjEmj0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � ðky=kjÞ

2
q

and md ¼ ðmi � mjÞ=2:
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